It is shown that, in the relativistic hydrogenic approximation, expectation values of the type nℓj|r k |nℓj can be expressed in terms of Clebsch-Gordan coefficients or 3jm symbols. This generalizes the results obtained by Varshalovich and Karpova [Opt. Spectrosc. 118, 1-5 (2015); Opt. Spektrosk. 118, 3-7] in the non-relativistic hydrogenic case.
Introduction
The apparatus of the quantum theory of angular momentum is widely used to calculate the angular parts of matrix elements in various quantum-mechanical problems. The reason is that the corresponding special functions (the spherical functions, the D functions, the Wigner 3jm symbols, and so forth) have been studied in detail and tabulated [1] . We use the notation of the Clebsch-Gordan coefficient of Varshalovich et al. of the latter reference, which was used by Jahn [2] and Alder [3] :
C jm j1m1, j2m2 = (−1) j1−j2+m 2j + 1
The other notations (Wigner [4, 5] , Eckart [6] , Van der Waerden [7] , Condon and Shortley [8] , Boys [9] , Blatt and Weisskopf [10] , Biedenharn [11] , Rose [12] and Fano [13] ) are given at p. 52 of Ref. [14] . Several expressions of Clebsch-Gordan coefficients in terms of hypergeometric 3 F 2 functions were published by different authors [15] , such as Fock [16] , Bandzaitis and Yutsis [17] , Majumdar [18] or Racah [19] . In 1973, Karasev and Shelepin pointed out the interest of an intimate relation between the calculation of finite differences, hypergeometric series and the theory of Clebsch-Gordan coefficients [20] . In 1979, Varshalovich and Khersonskii found a simple connection between r k = nℓ|r k |nℓ and C ℓ n ℓ n,(k+1) 0 [21] . In 2015, Varshalovich and Karpova found that both C ℓn ℓ ′ n,(k+1) 0 and nℓ|r k |nℓ ′ can be put in a form in which they are proportional to the hypergeometric function [22] :
They obtained the following result [23] :
where
with ∆ = ℓ − ℓ ′ ≥ 0, and the Clebsch-Gordan C ℓ n ℓ ′ n,(k+1) 0 is evaluated in a nonphysical region of its arguments, where the so-called triangle condition is not satisfied and the projections of angular momenta ℓ and ℓ ′ are larger than the angular momenta themselves. In this region, the Clebsch-Gordan coefficient vanishes, but the product
For negative values, one has (−a)!/(−b)! = (−1) b−a (b+ 1)!/(a + 1)!.
All these features for the radial aspect of the hydrogen atom may seem surprising, given no obvious rotational symmetry considerations for the radial equation. However, they are understood through the recognition that the radial problem has the symmetry of the non-compact group O(2,1) [25] [26] [27] . This group's closed triplet of operators under commutation is very similar, apart from sign changes in the structure factors, to those of the angular momentum's O(3) triplet, which explains the appearance of such Clebsch-Gordan coefficients in radial matrix elements.
In the present work, we propose to follow the philosophy of the works of Varshalovich, Khersonskii and Karpova [21, 23] in order to obtain an expression of r k = nℓj|r k |nℓj in the relativistic case. Instead of |nℓj , the notation |nκ with κ = (ℓ − j)(2j + 1) is often used. One has κ = ∓ (j + 1/2) for j = ℓ ± 1/2, i.e. κ = −ℓ − 1 for j = ℓ + 1/2 and κ = ℓ for j = ℓ − 1/2.
Expectation values of r k in the relativistic case
The expectation values of r k in the relativistic case read
where the normalized bound-state solutions P nκ (r) and Q nκ (r) of the Dirac equation are respectively
and
with the normalization constant
One has ζ = 2Z/N , x = ζr, γ = √ κ 2 − α 2 Z 2 (α being the fine-structure constant), n r = n − |κ|, N = n 2 r + 2n r γ + κ 2 and 1 F 1 represents the confluent (Kummer) hypergeometric function. In general, the computation of r k in the relativistic case is more complicated than in the non-relativistic case. This is probably the reason why explicit expressions are not widely known. The first explicit expression was given by Davies [28] . For a long time, values were available only for k = −3, −1, 1 and 2 from the work of Garstang and Mayers [29] and Burke and Grant [30] . Various methods have been applied to obtain these expectation values (see for instance Refs. [31] [32] [33] [34] [35] ). The topic was also extended to non-diagonal matrix elements and recurrence relations are known for basic integrals and other closely related quantities (see the non-exhaustive list of references [36] [37] [38] [39] [40] [41] [42] [43] [44] ). The functions P nκ (r) and Q nκ (r) can be expressed in terms of generalized Laguerre polynomials, and the determination of diagonal (expectation values) and non-diagonal matrix elements boils down to the calculation of integrals of the kind [45] :
where L (q) p are generalized Laguerre polynomials [46] . Integral (9) can be calculated using [47] 
which can be obtained using the generating-function method [48] . Martínez-y-Romero et al. [41, 42] obtained recurrence formulae by an approach inspired by the relativistic extension of the second hypervirial method that has been successfully employed to deduce an analogous relation in non-relativistic quantum mechanics. The latter authors used this relation to deduce relativistic versions of the Pasternack-Sternheimer rule [49] [50] [51] and of the virial theorem. The connection of the expectation values with the Chebyshev and Hahn polynomials of a discrete variable was studied by Suslov [52] , who derived two sets of Pasternack-type matrix identities for these integrals [53, 54] . Suslov also studied integrals of the type
and ∞ 0 r k P nκ (r)Q nκ (r)dr,
which we do not consider here. The complexity of the expressions of r k increases with k (see the examples of r −3 , r −2 , r −1 , r and r 2 in table 1). In the relativistic case, we have [40] :
where Γ is the usual Gamma function. The formula (21) of Varshalovich, which is also the van der Waerden form [7, 15] gives: 
C being the Clebsch-Gordan coefficient defined by Eq. (1). The notation Γ(−m), where m is a positive integer, means Γ(−m) = (−1) m−1 (m − 1)!. One has therefore the three relations Table 1 : Expressions of r k for k=-3, -2, -1, 1 and 2 in the relativistic (Dirac) case.
and the final result is then
As in the non-relativistic case, some 3j coefficients are evaluated in a nonphysical region of their arguments and vanish for that reason; however, the products of themselves by their prefactors are finite. It is also possible to derive other expressions of r k in terms of Clebsch-Gordan coefficients, for instance using the additional relation [40] :
which will yield another expression of r k . Although the coefficients in front of the hypergeometric 3 F 2 functions are more complicated than those in Eq. (13), the latter equation has an advantage for the recursion with respect to k. A recursion based on such equation requires only two, instead of three, sequences of the 3 F 2 series, which, in addition, are related to each other in a simpler way than in Eq. (13) . It is interesting also to mention, for checking purposes for instance, that in the case where n r = 0, r k reduces to
where (a) n = a(a + 1)(a + 2) · · · (a + n − 1) represents the Pochhammer symbol.
Conclusion
Varshalovich and Karpova found that, in the non-relativistic (Schrödinger) case, radial integrals nℓ|r k |nℓ ′ can be expressed in terms of Clebsch-Gordan coefficients. We have shown that this is also the case for expectation values in the relativistic case, and we have provided the corresponding relations. In the future, we plan to investigate the case of relativistic non-diagonal elements.
